Abstract We develop an easy-to-implement method for forecasting a stationary autoregressive fractionally integrated moving average (ARFIMA) process subject to structural breaks with unknown break dates. We show that an ARFIMA process subject to a mean shift and a change in the long memory parameter can be well approximated by an autoregressive (AR) model and suggest using an information criterion (AIC or Mallows' C p ) to choose the order of the approximate AR model. Our method avoids the issue of estimation inaccuracy of the long memory parameter and the issue of spurious breaks in finite sample. Insights from our theoretical analysis are confirmed by Monte Carlo experiments, through which we also find that our method provides a substantial improvement over existing prediction methods. An empirical application to the realized volatility of three exchange rates illustrates the usefulness of our forecasting procedure. The empirical success of the HAR-RV model is explained, from an econometric perspective, by our theoretical and simulation results.
recent break occurred and then to use the post-break data to estimate the forecasting model. Nevertheless, Timmermann (2005, 2007) showed that such an approach does not necessarily yield the optimal forecasting performance, especially when the time series are subject to multiple breaks, due to the difficulty in estimating the timing of breaks. Moreover, they illustrate that pre-break data can be useful for forecasting the after-break outcomes, provided that the break is not too large.
Many researchers use the autoregressive fractionally integrated moving average process of order p, d, q, denoted as ARFIMA (p, d, q) , or I(d) process, to model and forecast time series, where the differencing parameter d is a fractional number between -0.5 and 0.5. The main feature of the stationary I(d) process is that its autocovariance function declines at a hyperbolic rate, slower than the geometric rate of stationary ARMA processes. For example, Ding et al. (1993) and Bollerslev and Mikkelsen (1996) showed that the persistence in stock market volatility could be well described by a long memory process. These findings further induced Hidalgo and Robinson (1996) to consider the issue of structural stability of a regression model with a long memory error term. However, Kuan and Hsu (1998) find that the Hildago and Robinson (1996) test could have large size distortions. Additionally, extending the results of Nunes et al. (1995) , Kuan and Hsu (1998) show that the conventional break tests for stationary long memory processes may misleadingly infer a structural break when there is none. Because of the possibility of misleading inference by the existing structural change tests for long memory processes, scant attention has been paid to suggesting optimal methods to forecast long memory processes in the presence of structural breaks.
The purpose of this paper is to propose an easy-to implement approach for forecasting a long memory process that may be subject to structural breaks. The conventional forecasting method based on post-break data can be suboptimal because the break detection approach may lead to spurious conclusions concerning the number of breaks even there is none (e.g. Granger and Hyung, 2004) . Moreover, Granger and Hyung (2004) and Choi et al. (2010) also showed that an increase of the number of mean breaks makes the memory of the process seemingly more persistent. Choi et al. (2010) use a break-adjusted forecast method to reduce the forecast error for several realized volatility series, which are modelled as long memory processes with breaks, however, their method still depends on the knowledge of the accurate break dates. To avoid the risk of misleading inference on the break date or imprecise estimation of the fractional parameter d, we note that first, Granger (1980) has shown that when a long memory process has a break in the parameter d, the complete time series can be represented by another long memory process with memory parameter d * that is a linear combination of the pre-and the post-break memory parameters d 1 and d 2 . Second, Poskitt (2007) and Wang and Hsiao (2012) have shown that a stationary ARFIMA (p, d, q) process can be approximated by an autoregressive process with an order increasing at a certain rate of the sample size T. We therefore suggest using an autoregressive approximation to predict the outcome for long memory processes with breaks. We justify the use of an autoregression approximation when the time series follows an ARFIMA (p, d, q) process, for two types of structural breaks: a change in the long memory parameter and/or a shift in mean when the shift size is within some magnitue of the standard deviation of the random noise. Furthermore, an AR approximation approach also has the advantage of avoiding the inaccurate parameter estimation and the break locations.
An important issue in finite sample is to select the appropriate order of the AR model. We suggest using Mallow's C p criterion to select the order of an AR(k) model fitted to a long memory process with structural change. Our Monte Carlo experiments show that the lag length based on Mallow's criterion to approximate the ARFIMA process with structural breaks is usually small in a sample of two hundred observations. and the residual variance estimate is very close to the true error variance. Our simulation experiments confirm the theoretical analysis clearly by demonstrating that an AR-approximation forecast method for forecasting a long memory process with structural breaks outperforms conventional methods, namely the two naive ARFIMA-based methods, the post-break and Tiao and Tsay (1994) adpative forecasting methods, even in cases where the structure of an ARFIMA model, including its parameters and lag orders, changes dramatically after breaks. Furthermore, for the special case in which the structural breaks take place immediately prior to the forecast period, our AR-approximation also performs better. An empirical forecasting exercise of realized volatility for the DEM/USD, USD/YEN and GBP/USD spot exchange rates shows that our AR-approximation dominates the existing methods.
We present the basic model and theoretical results in Section 2. Section 3 provides the mean-squared prediction errors of forecasts generated by an AR approximation, a post-break model, and two naive ARFIMA-based forecast models. Section 4 provides the finite sample simulation comparison. Section 5 provides the comparison of different methods for predicting volatilities. Concluding remarks are in Section 6. Proofs are in the Appendix.
The Model and Theoretical Results

The Basic Model
Let
be two ARF IM A(0, d, 0) processes where (i) d 1 , d 2 ∈ (−0.5, 0.5), d 1 = 0 and d 2 = 0 are differencing parameters; (ii) e t is an independently and identically distributed process, with E(e t ) = 0, E(e 2 t ) = σ 2 , and E e 4 t < ∞. We suppose the T time series observations, η t take the form
where T 1 = κT , κ ∈ (0, 1). We consider two scenarios: Case I: Changes in the differencing parameter only, i.e.,
Case II: Changes in both differencing parameter and mean, i.e.,
We focus on breaks in the mean and long memory parameters in the DGP. We could, of course, examine ARF IM A(p, d, q) models with breaks in the coefficients of the AR and MA terms. However, this would substantially complicate the notations and derivations without gaining insight. Lemma 1. 1 When the DGP satisfies the basic model, with T 1 = κT , κ ∈ (0, 1), the observed data can be represented by a long memory process with long memory parameter d * that is a linear combination of the pre-and post-break parameters d 1 and d 2 , and with a mean µ * that is a linear combination of the pre-and post-break means µ 1 and µ 2 , that is
where Brockwell and Davis (1991) have shown that a long memory process can be represented by an infinite order autoregressive process,
where
, and e t is a zero mean white noise process with constant variance σ 2 . Poskitt (2007) and Wang and Hsiao (2012) have shown that η t can be approximated by an ever increasing order autoregressive model, AR(k), as T increases,
where e t,k is the prediction error and β jk , j = 0, 1, 2, · · · , k are the coefficients of the minimum mean squared predictor of η t based only on a constant term and the past observations η t−1 , η t−2 , · · · , η t−k . THEOREM 1. 2 When the DGP satisfies the basic model, with
, where β(k) is the OLS estimator of β(k) and e t,k the OLS residual.
Given Lemma 1 and Theorem 1, we suggest using an AR(k) model to approximate the data generating process of η t and using it to generate post-sample predictions.
Mallows' C p Criterion for Choosing k
Theorem 1 says that k → ∞ as T → ∞. As shown in Shibata (1980) , for each T , there is an optimal k * to balance the magnitude of the estimation error and bias of the finite AR(k) approximation. In other words, the adequacy of an approximate model for the DGP depends on the choice of the lag order. Therefore, in this paper we propose using AIC (Akaike, 1973) or C p (Mallows, 1973) criterion to choose a suitable order k AIC or k Cp of an AR(k) model to approximate a long memory process subject to a break of the kind defined for our basic model. Mallows' criterion is based on choosing the lag length to minimize the expected mean-squared prediction error divided by the variance of the DGP. Because the complete time series can be represented by another long memory process with parameter d * , when a long memory process has a break in the long memory parameter, by Poskitt (2007) and Wang and Hsiao (2012) , we note the AIC and C p criteria are simply
The rate of convergence of β(k) − β(k) is shown faster than that of Poskitt (2007) or Wang and Hsiao (2012) because we use a different methodology . and
where σ 2 is a consistent estimator of σ 2 (or the true value in a simulation setup). It appears that a suitable procedure for choosing an appropriate k * for an AR(k) approximation to our basic model is to minimize AIC(k) or C p (k) with respect to k. More specifically, following the analysis of Shibata (1980 ), Poskitt (2007 showed that AR(k AIC ) and AR(k Cp ) model are asymptotically efficient. We conducted Monte Carlo experiments about the choice of k using these two criteria for several DGPs and sample sizes. Results are nearly identical between AIC and C p , as in Wang and Hsiao (2012) and are availble upon request. The main conclusion is that when T = 200, a value of k Cp not larger than 4 often provides a good AR-approximation of long memory processes subject to one or two breaks, which are representative of empirical models reported in the literature.
Comparison of Forecasting Methods
The usual approaches to forecasting a long memory process with structural breaks are the "post-break (PB)" and "naive" ARFIMA-based forecast (NV) methods. The post-break method uses an estimated ARFIMA model after the last identified break date. The " naive " ARFIMA-based (NV) forecast method first tests for structural breaks. If there is a break in the mean or the long memory parameter, but no break in the AR or MA operators, both pre-and post-break mean filtered data are used to estimate the posk-break ARFIMA model (Hyung and Franses, 2001) 3 . The resulting model is then used to generate forecasts. In other words, if there are breaks both in the mean and the long memory paramter d, the pre-and post-break means and long memory parameters are used to generate forecasts. If no break is detected, forecasts are computed using the estimated ARFIMA model using the complete data. Furthermore, inspired by Lemma 1, we can ignore the pretest step and simply use an alternative naive ARFIMA(d * ) model to generate forecasts (we call this method NVNO, for "nave-no break"). More specifically, the NVNO method ignores any detected break and uses the complete data to estimate the ARFIMA model generate forecasts. The NVNO method thus coincides with the NV method only when no break is detected.
In this section, we show by a theoretical argument that h-step ahead forecasts of a long memory process subject to a structural break computed on the basis of our AR-approximation method dominate, in the mean-squared error sense, those of the post-break and naive ARFIMA-based forecast methods. Our analysis is based on selecting the minimum mean-squared error of the point forecast of η t+h in the context of our basic model.
We assume the post-sample η t is generated from
When there is no structure break for the observed η t , t = 1, 2, 3, · · · , T , κ = 0, µ * = µ 2 and d * = d 2 . In deriving the mean square prediction error of different forecasting methods, we assume T 1 is known and the post-break window size, T −T 1 = (1−κ)T = T 2 , is not too large, because otherwise the forecast of η T +h will just be dominated by post-break observations without loss of important information.
Following Lemma 1, η t can be written as
Approximating (6) by an AR(k) model yields
Hence, the h-step ahead forecast based on the AR(k) approximating model is
The h-step ahead predictor η T +h of the naive ARFIMA-based method can be computed recursively by using
, where
and π 2,j ∼ j − d 2 −1 /Γ(− d 2 ) denote the forecast coefficients based on the estimated memory parameter d 1 and d 2 before and after the break, respectively. In other words, we need to estimate d 1 and d 2 first and then plug them into the formula of π 1,j and π 2,j . For the conventional ARFIMA-based prediction approach, there could be two possibilities-a break is detected or not detected. Suppose there is a break at T 1 = κT, κ ∈ (0, 1) for the observed η t . If we do not detect an existing break by a structural break test, we use a naive ARFIMA-based model, which is similar to the NVNO method, 4 with a long memory parameter d * and µ * to generate the forecast.
Explicitly,
where π * j ∼ j − d * is derived from the estimated parameter d * .
On the other hand, if a break is detected at T 1 , then η t =η
t for data generated by the post-break model
However, η
t for t before T 1 + 1 are unobservable. On the other hand, we do know
Thus, η T +h expressed in terms of η t , t = 1, 2, · · · , T , becomes
Let a and 1 − a be the probability of finding no break (type II error) and a break, respectively. Let π * j , π 1,j , π 2,j denote the forecast coefficients derived from estimated
Then the predictor for η T +h based on the naive forecast approach becomes
In the event there is no break in the observed η t , i.e., κ = 0, η t = η
t , let b denote the probability of finding no break and 1 − b denote the probability of finding a break (type I error). Then the naive forecast for η T +h is equal to
where ( d * 2 , µ * 2 ) and ( d 2 , µ 2 ) are based on MLE estimates of µ 2 and d 2 based on T and
We also consider the case that the exact break point is known and use only post break data to estimate the post-break ARFIMA model and generate forecasts (PB). The h− step ahead forecast of post-break method is just
The following theorem shows the comparison of the h− step ahead mean squared error for four forecasting methodologies.
THEOREM 2. If the DGP satisfies the basic model, (i) the AR(k) approximationbased forecast method (AR) yields no greater mean squared error than the postbreak forecast and the two naive ARFIMA-based forecast (NV and NVNO) method if κ|µ 1 −µ 2 | is of smaller order than σ η / (1 − κ)T , where σ η denotes the standard error of
Tiao and Tsay (1994) and Baillie and Morana (2009) suggest an adaptive forecasting approach to account for both long memory and structural change in the conditional variance process. The basic idea of their approach is to obtain the estimates by minimizing the sum of squares of h-step-ahead forecast errors. More specifically, as each additional post-sample time series observation becomes available, the parameters of the forecasting model is recursively re-estimated by minimizing the sum of squares of h-step-ahead forecast errors based on the rolling window with a fixed window size where with each additional avaiable observation, the observation at the beginning of the time period is dropped. This approach would be inefficient 5 compared to recursively updating the parameter estimates when each additional observation becomes available if there is no structural break. On the other hand, if there is indeed a structural break at time period T 1 , as more and more post-sample information becomes available, this is equivalent to pushing the break point k towards zero in Lemma 1 and Theorem 2. In other words, our AR approximaiton-based forecast aprroach under Tiao and Tsay (1994) and Baillie and Morana (2009) 's adaptive forecasting scheme, denoted as AFAR, yields Lemma 2. If the DGP satisfies the basic model (with a fixed break data T 1 ), the adaptive AR approximation-based forecast method (AFAR) with a rolling window (with fixed window size) eventually yields no greater mean squared error than the post-break forecast and the two naive ARFIMA-based forecast (NV and NVNO) methods for Case I and for Case II.
Theorem 2 and Lemma 2 illustrate the performance of the two AR approximationbased forecast method (AR and AFAR) that are limited to the case where the DGP has a single structural break. Although the analysis can be extended to the cases of more breaks, the extension is tedious to show. Additionally, Poskitt (2007) points out that estimating the parameters of the AR approximation model by directly minimizing the observed mean squared error could lead unstable estimates. Thus, AR and AFAR could exhibit quite different finite sample behaviour. We therefore resort to Monte Carlo experiments to provide intuition on these extensions, and also to illustrate the difference in performance of the different forecasting methods for the h-step forecasts under a single break.
Comparison of Forecasting Methods: Simulation Results
Simulation Design
In light of the empirical evidence provided by Christensen and Nielsen (2006), and Choi et al. (2010) , we consider
We let the above DGPs be subject to breaks in the mean and in the long memory parameter, each being considered with d = (0.1, 0.2, 0.3, 0.4, 0.45) and σ 2 = 1, see Tables 1 and 2 for the values of the break point, means and differencing parameters. Simulations are performed for T = 200 and repeated 1000 times. Following McLeod and Hipel (1978) and Hosking (1984) , we first generate T independent N(0,1) values and form a T × 1 vector e, then generate the vector y of the T realized values of the I(d) process as y = Ce, where C is the Cholesky decomposition of the T × T autocovariance matrix Σ = CC . For each T , we generate T + 200 observations and discard the first 200 to reduce the effects of initial values.
For each experiment, we assume the break dates are either known or unknown. In the case of unknown break points, tests proposed by Bai and Perron (1998) and Beran and Terrin (1996) are used to detect the change points. We then use the Schwarz information criterion to select the number of breaks for each model. To estimate the differencing parameter d, we use the GPH and the approximate ML estimation methods. Both methods provide similar results confirming that that the higher p in the ARFIMA (p, d, q) DGP, the larger the bias of the estimate of d.
We consider both AR forecasting and the AFAR forecasting procedure. The AFAR is the combination of the adaptive forecasting scheme and our AR approximation. If the AR model we employ here is indeed the " correct " one (the estimate of σ 2 converges to σ 2 asympototically), then it would be inefficient to use the adaptive forecasting (see Tiao and Tsay, 1994) . Additionally, we also compute forecasts using the naive ARFIMA(d * ) model (3) without concern for the break detection (NVNO). We compare the out-of-sample forecasting performance of the three forecast methods described in Section 3 and that of the AFAR and NVNO methods for two forecasting horizons: h = 1, 5.
The recursive forecast window scheme is designed as follows: given a simulated sample of size T = 2 T , we estimate the model using the first half of the sample, and generate the forecasts of η T +h for h = 1, 5. Then we add one observation to the estimation sample, and generate the forecasts of η T +1+h . We continue like this until observation T − h, which enables to forecast η T . We denote by η M T +f +h the h-step ahead forecast of η T +f +h using model M and information up to date T + f . The relative RMSFE of model M with respect to the AR(k) model, forT forecasts at horizon h, is defined as
The value of k for the AR(k) model is chosen by Mallows' criterion. Table 3 reports the root mean squared forecast errors (RMSFE) of the naive, naive-no and postbreak methods, relative to that of the AR-based method with recursive forecasting window. We further consider the rolling estimation window. The window size is based on the suggestion of Hansen and Timmermann (2012) to use half of the full sample for in-sample estimation (=100 observations), and the remaining for out-of-sample evaluation. 6 Those relevant results are reported in Table 4 . If the relative RMSFE is smaller than one, the alternative model forecasts better than the AR model. To further determine which model provides more accurate information about the future, we use the Mincer and Zarnowitz (1969) encompassing regression for the one-step-ahead forecasts of four forecast models with the rolling forecast window:
where η AR t+1|t denotes predictons by our benchmark AR approximation model, and η AM t+1|t denotes predictions from four alternative models. The results in Tables 3 and 4 show that the forecasts of the AR-approximation generally outperform the alternative methods. We find that : (1) Unknown or known break dates: the AR approximation ignoring the possibility of breaks almost always generates more accurate one-step ahead forecasts. For the 5−period ahead forecasts, there are very few cases where post-break forecasts are more accurate with unknown (PBUK) than with known break dates (PBK). However, if break dates are unknown, which is the most relevant situation in empirical studies, the AR-based forecast method dominates other methods in 3 out of 15 experiments for all considered forecast horizons and forecast windows. The domination is substantial, with frequently occurring gains in RMSFE of more than 20 per cent. More precisely, although using the rolling window sometimes reduces the RMSFE of the compared models for several cases (experiment 1,2,6,7,8 and 12), the AR-based forecast method in general still performs the best. (2) (i) AR compared to NVNO: for most cases, AR dominates uniformly, except in experiment 11 for horizon h = 5. More interestingly, for the cases where the series properties shift (experiment 1, 2, 7,8 and 15), the NVNO even perfoms the worst among all forecast methods, although the rolling window could reduce its RMSFE. These results could be due to the inaccurate estimation of the NVNO model in finite samples. (ii) AR compared to the AFAR method: for most cases, AR performs much better than ARFA method, except for the experiments 3,4,5,9,10 and 13, where we only consider a change in the long memory parameters and rolling window estimation. However, the AFAR performs better than the other five methodologies. We further caculate the average (AVE) of RMSFE for each h and forecast method with two different forecast windows. The results do not change. (3) The results in Table 5 show the superior forecasting ability of the AR model.
In the encompassing regression that includes both the AR approximation-based forecast model and an alternative forecast, the estimates of α 1 are close to unity and the estimates for α 2 are close to zero whether the break date is known or unknown. We also use a F -test for the null hypothesis of α 0 = 0, α 1 = 1 and α 2 = 0 at the 5% significant level. The P-values of the F -tests (P(F )) are all above 15%. Furthermore, including an alternative forecast method has little contribution to increasing R 2 . 7
Comparison When the Break Occurs at the End of the Sample
Forecasting observations of long memory processes just after a structural break is a difficult task. The post-break forecast method cannot be implemented in this case, due to the absence of informative observations about the post-break period. The naive ARFIMA-based method can be used with estimates from the pre-break period, being in addition prone to the spurious break and inaccurate parameter estimation problems. Moreover, in empirical research, it is difficult to know exactly when structural breaks occur. Thus, the existing forecasting approaches are ill-suited for real-time forecasting. Given that a structural break occurs at T 1 , we present in Table  7 the performance of the AR-approximation (AR), AFAR and NV of observations T 1 +h for h = 1, 2, . . . , 5, assuming we do not know the existence of the break to generate the forecasts. The results clearly indicate that the AR-approximation method produces the lowest RMSFEs.
In closing this section, it is worth pointing out that the superior performance of our AR-approximation forecast method goes along with its ease of implementation in empirical analysis. Intuitively, the reason why the AR-based forecasting method produces the best performance is that it avoids the inaccurate estimation of the fractional parameters and the issue of spurious breaks induced by long memory processes. 
Forecasting Realized Volatilities
Volatility forecasting plays a central role in financial decision making, for example, fund managers adjust the portfolio allocations according to the volatility forecasts. Choi et al. (2010) use a break-adjusted forecast method to reduce the forecast error 7 For the encompassing regression, the first forecast is said to subsume information in other forecasts if these additional forecasts do not significantly increase the R 2 .
8 The resson why the forecasting performance of ARFIMA(d * ) (NVNO) is worse than that of AR in finite samples may be the difficulty of accurately estimating the parameter d when it is close to 0.5 and the sample size is not large (T=100 and 200). Furthermore, it is also hard to distinguish the behaviour of long and short range components for data with both components in finite samples (See Crator and Ray, 1996) .
for several realized volatility series, which are modelled as long memory processes with breaks. In order to show the potential usefulness of our AR-approximation based forecasting method, we compare the forecasts of our method to the four competing methods considered in Section 3, the heterogeneous autoregressive (HAR) model of Corsi (2004), and the VAR-RV-Break model proposed by Choi et al. (2010) . The HAR model is actually an AR model with only three coefficients for 21 lags, plus a constant term, which can be written
Corsi's justification for this model was to capture the long memory property which he justifies by an economic argument. Many researchers have found empirically this model to fit and to forecast realized volatility series better than ARFIMA models. The HAR model can be seen as a particular case of our AR approximation, where the lag order is fixed to 21 whatever the sample size, and the coefficients are constrained. Our theoretical and simulation results in this paper explain to a large extent, from an econometric viewpoint, why the HAR model is a successful model in the context of realized volatility modelling. The VAR-RV-Break (VRB) model is a break-adjusted VAR, denoted as
where Y * is the (3 × 1) vector of logarithmic realized exchange rate volatilities after mean break adjustments, µ is the unconditional mean, ε t is a vector white noise process and the lag order is equal to five following Choi et al. (2010) . The detailed procedure of the mean break adjustments is explained in Choi et al. (2010) . We perform the comparisons for the realized volatility series of the spot exchange rate returns of the German mark (DEM) and British pound (GBP) versus the US dollar, and the US dollar versus the Japanese Yen (YEN). The data (obtained from Olsen & Associates) span the period starting on January 6, 1987 and ending on June 30, 1999. They consist of fifteen-minute returns, which we square and aggregate to construct the daily realized volatility. We prepared the data in a way similar to Andersen et al. (2001) , who use the same series but their sample ends on November 30, 1996, and Andersen et al. (2003) and Choi et al. (2010) who use the intra-day 30-minute log returns. We transform the realized volatility series in logarithm since this ensures the positivity of forecasts of realized volatility. For simplicity, we denote by RV t the log of realized volatility for day t. The summary statistics are in Table  7 . Unconditionally, the series have a positive skewness and a little too much excess kurtosis to be characterized as Gaussian.
To detect structural break dates, we use the procedure of Beran and Terrin (1996) . Table 8 reports the estimated break dates. Four beaks are found for GBP and five for the other series. Thus, for example, there are six regimes for the DEM series, the first one spanning the period from January 6, 1987 to May 22, 1989. The break dates are almost identical for DEM and GBP except that the break of November 3, 1993 for the DEM is not found for the GBP. The Yen shares two breaks with the other series (May 22, 1989 and June 30/July 1, 1997).
To implement the post-break and out-of-sample NV and NVNO forecast methods, we need an ARFIMA(p, d, q) model for each series. We estimated several models using the full sample and each regime by Beran's approximate ML method, and we selected the best model according to Akaike's information criterion. The results are available on request. The lag orders p and q of the selected models are all either 0 or 1, and the estimated fractional differencing parameters suggest that the series are stationary but have indeed a long memory component (the estimates are between 0.29 and 0.49).
Forecasts are obtained using a rolling estimation window. We follow the suggestion of Hansen and Timmermann (2012) to use half of the full sample for in-sample estimation, and the remaining for out-of-sample evaluation. For the AR-approximation based method, the naive ARFIMA with break method, the naive ARFIMA without break method and the VAR-RV-Break model, the in-sample period goes from January 6, 1987 to Jan 10, 1992 for DEM (1528 observations), Jan 13, 1992 for GBP (1532 observations), and Jan 16, 1992 (1536 observations) for YEN. We estimate the models over these samples and generate forecasts at horizon h = 1 and 3. Then we delete the first observation and add the next observation to the estimation sample to generate again the two forecasts. The model is re-estimated and the procedure is repeated until the last observation of June 1999.
The lag orders for the approximating AR(k) models of the three series, selected by Mallows C p criterion, are equal to 18 for for DEM, 19 for GBP, and 18 for Yen RV series. As these values remain the same for the full samples and for the in-sample periods, we kept them fixed throughout the prediction period. These values are close to the 21 lags suggested by Corsi. They are much larger than in our simulation experiments, because the sample size we are dealing with in this application is much higher (about 1522 versus 200).
To compare the predictive ability of the five methods at forecast horizons one and three, we use the RMSFE of the five methods, relative to the RMSFE of the ARapproximation based method. The definition is the same as in equation (11). Since all relative RMSFE are above 1, the results, reported in Table 9 , indicate that our AR-approximation based forecast method outperforms the other methods. This is especially spectacular for the post-break method, the naive methods (NV and NVNO) and the VAR-RV-Break model (VRB). Corsi's HAR model involves a small efficiency loss (between 3 and 7 per cent).
We examine the explanatory power of the one period ahead forecasts for the six forecasting models by the Mincer and Zarnowitz encompassing regression. Table 10 shows that in the encompassing regression, the estimates of α 1 are close to unity and the estimates of α 2 are close to zero. Furthermore, these additional forecasts do not significantly increase the R 2 . Under the null hypothesis that α 0 = 0, α 1 = 1, α 2 = 0, the P-values of the F -tests are all above 15%. Hence these results confirm the better performance of the forecasts based on the AR-approximation.
Conclusions
Forecasting is often a difficult task, especially in a rapidly changing world where structural changes occur. Given that some macroeconomic and financial time series display high persistence and signs of structural breaks, it is important to develop adequate forecasting methods. However, there could be differences between the structural analysis and the forecast. In the structural analysis, the aim is to identify the data generating process and obtain the efficient inference on unknown parameters. In forecasting, because of unknown breaks and the size of breaks, the focus should be on the robustness of forecasting procedures. In this paper, we have developed a simple to implement, and improved forecasting method based on an AR-approximation to forecast a long memory process subject to structural breaks. Additionally, we have proved theoretically and illustrated by Monte Carlo simulations that i) a stationary long memory ARFIMA(p, d, q) process subject to structural breaks can be well approximated by an AR(k) model when k is chosen appropriately, and ii) our AR-based forecast method provides a better out-of-sample forecast performance than conventional methods for forecasting long memory processes under structural breaks. The root of the success of this new method is that it avoids the inaccurate estimation of parameters inherent to the other methods, and the problem of spurious breaks. The method is shown to be useful for forecasting the daily realized volatilities of exchange rate series. Notes: PBK and PBUK represent the post-break method with the known and unknown break respectively. NVK and NVUK represent the Naive ARFIMA-based method with known and unknown break respectively. NOVO represents the ARFIMA(d * )-based method and ARFA means the adapative AR forecast method. AVE means the average of RMSFEs. 5 1989 .5.22 1991 .3.21 1993 .3.11 1995 .9.1 1997 .7.2 USD/YEN 5 1989 .5.22 1991 .7.8 1993 .4.20 1997 .6.30 1998 .7.20 GBP/USD 4 1989 .5.19 1991 .4.3 1995 .8.25 1997 .1 Table 10 . Out-of-Sample Forecast Evaluation Brockwell and Davis (1991) , we know that
To prove the asymptotic property of (A.1), we investigate the property of (A) on the right hand side of (A.1). We first let t − v = h and note that
Let s = s/T and t = t/T , we further show that
It follows from (A.2), (A.3) and (A.4) that
(A.5) shows that our basic model can be represented by a long memory process with a long memory paramter d * with mean
By (A.5) and (A.6), the Lemma 1 can be established.
A.2. Proof of Theorem 1
To prove Theorem 1, by Lemma 1, we first consider the constant term, β 0 , in our AR approximation procedure. From Lemma 1, we have
where ε T −k , η, and all
Because we cannot estimate an infinite number of parameters from a finite sample of T observations, we then consider the following kth order autoregressive model approximation:
where ε k = e k+1,k , e k+2,k , · · · , e T,k , e t,k , t = k + 1, k + 2, · · · , T is the residual derived from fitting η t by an AR(k) approximation. The adequacy of the approximate model for the true model depends on the choice of k.
matrix with the property that M k ζ k = 0, then the OLS estimate of the residual of (A.7) ε k can be written as,
We wish to show that when −0.5 < d * < 0.5,
That is, we need to find out a condition on the growth rate of the lag order k to ensure that the first term (I), the second term (II), the third term (III) and the fifth term (V) of (A.8) converge to zero when −0.5 < d * < 0.5, d * = 0. We first investigate the asymptotic properties of (A.8) for the case of −0.5 < d < 0. The first term (I) on the right hand side of (A.8) can be written as (A.9) where A and B denote the first and second term of the righthand side of (A.9), respectively. It can be shown that
(A.10)
To show (A.10), we note that for any conformable matrix A * and B * ,
(A.11)
We note that
(A.12)
Since Lemma 1 indicates that the complete time series can be represented by another long memory process with the memory parameter d * , we note that β 2 j ∼ C 2 j −2d * −2 , C and C 2 being finite constants. Following the proof of Hosking (1996, p.277) and letting x = s m , we can show that (A.12) is bounded by
where γ τ = E(η t η t+τ ) ∼ C 2 τ 2d * −1 , C 2 being a finite constant.
It follows that
Similarly, we can show that
where by (A.13) and (A.14),
Thus, by (A.16) and (A.18),
Furthermore, (A.11) and (A.19) imply that
We express the second term (II) on the right side of (A.8) as
where C, D denote the first and second term of the righthand side of (A.21), respectively. Noting that
Similarly, by (A.21), we can show that
(A.24) Likewise, the third term (III) on the right side of (A.7),
To calculate the asymptotic properties of the fifth term (V) on the right side of (A.8), we further note that
By Theorem 3 of Hosking (1996) and Theorem 4.1 of Poskitt (2007), we can show that
because Ω k is a nonsingular matrix and by Lemma 5.7 of Poskitt (2007) and Proposition 4.5.3. of Brockwell and Davis (1991) . Hence, by (A.26) ,
Thus, by (A.27) the fifth term (V) can be written
Thus by (A.28), we note that ( π 2,j − π 2,j )( π 2,i − π 2,i )γ i−j Furthermore, to prove the h-step mean squared error of the NV method, We first obtain that as π * j = π 2,j ,
2 ). (1 − L) 
